PACS 73.23.-b -Electronic transport in mesoscopic systems PACS 73.25.+i -Surface conductivity and carrier phenomena
Introduction. -Low-frequency optical conductivity of undoped (intrinsic) graphene free of disorder is known to have a universal value of σ 0 = e 2 /4h [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Experimental measurements [14, 15] , which yielded a value somewhat bigger than the theoretical predictions, motivated the studies of the possible role played by electron-electron interactions. The findings of Ref. [16] that the combined effect of self energy (velocity renormalization) and vertex corrections leads to a suppression of the optical conductivity at low frequencies have been questioned in Refs. [17, 18] on the basis of scaling arguments. The latter indicate that the large logarithmic (momentum cut-off dependent) terms in the self-energy and vertex corrections cancel each other. We note that Ref. [16] and Refs. [17, 18] agree on this cancellation in the lowest order in electron-electron interaction but differ on whether the higher order terms feature similar cancellation. It appears that the analysis of Ref. [16] , though valid in the first order, fails for higher orders, and that the conclusion of the suppression of the conductivity at low frequencies is not valid.
The theory presented in Refs. [17, 18] implies that the low-frequency dependence is properly described by the lowest order correction. Indeed, to the first order in interaction the conductivity is expected to yield, σ/σ 0 = 1+Cg, where C is some constant, g = e 2 /κv is the interaction strength; κ is the dielectric constant of a substrate and v is the electron velocity in graphene. Renormalization group approach for 2D Dirac fermions predicts that the interaction strength g is a running coupling constant that depends on frequency g → g(ω) [20, 21] . At low frequencies g(ω) flows to zero, so that higher order corrections to the electron velocity become progressively negligible and it is sufficient to consider only the first order renormalization of velocity (electric charge is not renormalized):
, where K is the momentum cut-off. Combining these expressions gives,
with the low-frequency behavior of the conductivity being determined by the constant C alone. Calculation of this constant, therefore, becomes an important task. While Ref. [17] did not calculate C, Ref. [18] provided the following value
This result predicts quite a considerable variation of σ with the frequency for typical values of the bare graphene interaction constant g (which can exceed 1).
In the present Letter we test the above prediction (2) by performing a perturbative calculation of the minimal conductivity to the first order in electron-electron interaction using three different methods, based on, a) electron polarization operator, b) Kubo formula for the conductivity, c) kinetic equation. We point out that crucial anomaly, which does not appear in a non-interacting case, occurs for the interaction correction. Three above mentioned methods would give essentially different values for the constant p-1 C unless some appropriate high-momentum cut-off procedure is implemented. We argue that expression (2) overestimates the interaction correction by almost two orders of magnitude and show that the numerical value of C is
We will now proceed to demonstrate that the difference between Eqs. (2) and (3) originate from handling of singular integrals at large electron momenta. The first method to be presented is based on the calculation of electron polarization operator and has an advantage of being free from any such singular integrals.
Polarization operator. -Single intrinsic 2D graphene layer is described by the chiral Hamiltonian,
where "hats" denote operators in a pseudo-spin space (σ represents the usual set of Pauli matrices), the sum over Latin indices is taken over two nodal points and two (true) spin directions. The interaction potential is V q = 2πe 2 /κq; we also denote, p ≡ d 2 p/(2π) 2 , and seth = 1. First-order interaction corrections to the conductivity are given by the two diagrams shown in Fig. 1 , with the vertices denoting the operators of electric current, evσ. Another possible method to derive the homogeneous optical conductivity is to calculate the corresponding diagrams for the electron polarization operator Π(ω, q) and then utilize the particle conservation condition,
The calculation of the polarization operator to the first order in g requires two diagrams [19] ,
where the electron Green's function in the subband representation isĜ
withσ p =σ · n p being the projection of the pseudo-spin operator onto the direction of the electron momentum n p = p/p. Factor 4 in Eq. (6) accounts for the (true) spin and valley degeneracy. Taking energy integrals and performing pseudospin trace operation we obtain for the first term in Eq. (6),
In the expression (8) we kept only terms that lead to the lowest order contribution in the external momentum, Π a (ω, q) ∝ q 2 , which are necessary for the calculation of the homogeneous conductivity. Using Eq. (5) we obtain the corresponding contribution,
where the frequency is presumed to have a positive infinitesimal imaginary part. The second term in Eq. (6) is evaluated similarly,
Expanding to the quadratic order in q we obtain the vertex correction,
To the first order in interaction the conductivity is given by the sum σ = σ 0 + σ a + σ b . The second term here, given by Eq. (9), contains a strong divergence at p = ω/2v. This divergence, however, is simply a consequence of the renormalization of the electron velocity by electron-electron interactions. To make the integrals regular we note that both the zeroth-order term [19] and σ a can be written as
ln (K/p)] being the renormalized velocity (where K is the upper momentum cut-off). Indeed, expanding the integrand to the first order in the interaction one recovers Eq. (9) . Note that the value of v p coincides with the electron velocity found from the perturbation expansion for the electron p-2 Green's function [20] . The integral in Eq. (12) is regular. Calculating the real part of Eq. (12) we obtain
Note that the interaction correction in Eq. (13) is due to the curvature of electron spectrum. Calculation of the real part of Eq. (11) can be reduced to the following dimensionless integral (x = 2vp/ω),
where the integral is taken in the principal value sense. Using the identity
and integrating over the angle θ we obtain,
Combining Eqs. (13) and (16) we finally arrive at Eq. (3). The vertex correction is negative and nearly cancels the self energy correction. The frequency independence of Eqs. (13) and (16) is analogous to the independence of the non-interacting conductivity σ 0 .
Kubo formula for conductivity. -An advantage of deriving minimal conductivity from the polarization operator originates from the fact that large logarithmic contributions do not appear in different terms in this formalism. On the other hand one could begin with a straightforward application of the Kubo formula, which as we will see, does not offer such a simplification. As a result one has to deal with logarithmic contributions which ultimately cancel. The starting expression is the expression for the optical conductivity
via the current-current correlation function, which is given in the zeroth order by
and in the first order by
here the subscripts a, b denote the contributions from the self energy and vertex diagrams, Fig. 1 . Note, however, that the corresponding contributions into the conductivity, which we denote here by σ a and σ b , do not satisfy the condition (5) term by term. However their sum has to obey it, σ a + σ b = σ a + σ b . Calculation of Eqs. (18) (19) (20) is similar to the above derivation for the polarization operator.
where we omit the subscripts in cos θ p,p ′ . The expressions (21, 22) are to be contrasted with Eqs. (9) and (11) . The obvious distinction arises from the fact that the integrals in Eqs. (21) and (22) are logarithmically divergent though these divergencies ultimately cancel in their sum, σ(ω) = σ a (ω) + σ b (ω). However, a more striking observation can be made if one calculates the difference of the two expressions,
where
Before addressing the issue of a numerical value of I let us briefly describe the third method for the calculation of the conductivity.
Kinetic equation. -The kinetic equation to the lowest order in electron-electron interaction and in the presence of electric filed has the form [16] (25) wheref p is the 2×2 matrix distribution function. The second term in the left-hand side represents the rate of change of the electron distribution function during its precession in the momentum-dependent "pseudo-Zeeman" field. The third term is the usual drift in the momentum space caused by external electric field. Finally, the right-hand side account for the exchange electron-electron interaction (Hartree contribution being zero by virtue of electric neutrality and spatial homogeneity). Given the solution of kinetic equation (25) one can find electric current and optical conductivity from j = σ(ω)E = 4evTr pf pσ . The detailed solution of Eq. (25) to the first order in E and V p−p ′ was found in Ref. [16] . For the conductivity it yields,
This expression is different from both σ(ω) and σ(ω). Interestingly,
Discussion. -Three different values obtained from the polarization operator, σ(ω), Kubo formula, σ(ω), and kinetic equation, σ kin (ω), respectively, indicate an inconsistency of the theory of interacting two-dimensional Dirac fermions unless I = 0. We will now demonstrate that the conclusion of whether I = 0 or I = 0 depends on the way the ultraviolet cut-off is imposed in the calculation of a singular integral over p ′ in Eq. (24). (i) Hard cut-off. Let us first assume that the divergent momentum integral is extended only to p ′ ≤ K. By noting that interaction potential depends only on s
and that p ′ − p cos θ = 1 2 ∂s/∂p ′ we then obtain for the latter integral in case when V (s) = 2πe 2 / √ s,
Expanding s(K, p) ≈ K−p cos θ for large values of K, we observe that the integral here is cut-off independent and equals −e 2 p/2. It is now straightforward to verify that equation (24) gives I = −σ 0 g/2. Such value of I yields Eq. (2) reproducing the result of Ref. [18] , and precisely accounts for the difference between Eq. (2) and our result (3). However, as shown above, such an ultraviolet cut-off yields three different values of the conductivity depending on which method is being used and is therefore unphysical.
(ii) Soft cut-off. The anomaly encountered in the expression (24) is specific for V q ∝ q −1 behavior of the interaction potential. For any faster decay of interaction at large momenta the integral I vanishes. Let us demonstrate this point by assuming
Calculation similar to the preceding one gives,
so that I = 0 and all three methods yield the same value (3). Similar conclusion will be reached if one assumes V (q) ∝ q −1−η and subsequently takes the limit η → 0. Having established that the hard cut-off utilized in Ref. [18] in the course of Kubo calculations actually results in different and hence inconsistent results when other methods are used, it is time now to discuss the origin of this inconsistency. Terminating momentum integrals at some value p = K means in fact an essential modification of electron spectrum at large momenta that effectively excludes these states from possible virtual processes. Such a procedure, though not necessarily incorrect, can be made self-consistent only if it is accompanied by the appropriate change in the operators of electric current. Otherwise, the Ward identity, which ensures particle conservation, is violated. This is why the polarization function method, which does not involve current vertices in the course of calculations, gives results (in the form of convergent integrals) independent of the cut-off procedure. On the other hand both the Kubo formalism and kinetic equation do involve current operators explicitly and thus fail if the hard cut-off is implemented without a proper modification of current vertices.
To the contrary, the soft cut-off procedure presented in this Letter does not require modifications of the electron spectra (Green's functions) nor of the electric current vertices. It is thus self-consistent and quite naturally yields identical values for the conductivity irrespective of the method used.
Conclusion. -We have calculated the first order interaction correction to the conductivity of intrinsic graphene. Within the Kubo and kinetic equation formalisms the self-energy and vertex corrections contain large logarithmic frequency-dependent terms which ultimately cancel each other. Within the more convenient approach based on the calculation of the polarization operator, such terms do not appear at all. Such a simplification originates from a simpler scalar vertex in the case of a polarization operator.
Nevertheless, the three methods discussed in the present Letter result in different, and hence, unphysical values for the interaction correction unless the large-momentum cutoff is imposed in the form of Eq. (29), or similar. In that case all methods yield the same value given by Eq. (3).
To summarize, the calculations presented above indicate that the effects of electron-electron interactions lead to finite though numerically very small corrections to the minimal conductivity.
Finally, the calculations of the present Letter are performed in the limit of zero temperature and their validity implies thathω ≫ k B T . * * * 
